I. Introduction
HE dynamics of two-body solar sail displaced non-Keplerian orbits (NKOs) is well-known in the literature [1, 2] : by considering the equations of motion of a solar sail in a rotating frame of reference, equilibrium solutions can be found that correspond to a circular orbit displaced away from the natural Keplerian orbit in an inertial frame. Through the choice for the angular velocity of the rotating frame, families of displaced NKOs can be identified. The dynamics, stability and control of these families have been investigated [3] as well as their abundant applications: to guarantee future geostationary slots for telecommunication, Earth observation and weather satellites the use of NKOs in the form of displaced geostationary orbits has been investigated [4, 5] ;
NKOs have been suggested to hover above Saturn's ring for high resolution in-situ observations [6] ; and highly 
The first equation in Eq. (1) gives the control law required to stay on a cylindrical surface. Note that, due to the symmetry of the problem, the ( ) sign z -term is included to mirror the acceleration in the ( ) , x y -plane upon crossing.
As mentioned in the introduction of this paper, two different solar sail accelerations will be considered: 
2.
A solar sail law where the cone angle is approximated by the pitch angle under the assumption that the out-of-plane displacement is small:
The second type of acceleration, for small-displacements, which allows for a range of analytical investigations, will be investigated first.
B. Small displacements solar sail acceleration law
The small-displacements solar sail acceleration law can be written as: 
The most well-known cylindrically constrained orbit is the two-dimensional (2D) NKO as described in
Ref. [1, 3, 13] . The sail lightness number required to maintain this 2D NKO can be obtained by setting 0 z = and substituting cosα : 2  3  1  2  2  2  2  2  2   2  4  3  3  2  2  2  2   1 1 1
Contours of equal 2D
β as well as the required direction of the acceleration is provided in Fig. 2a for ω = 1.
Note that the results in Fig. 2 When using a solar sail, it is well-known that the following constraint on the solar sail attitude has to be taken This constraint is represented in Fig. 2 by thick black lines. The figure shows that, for small displacements, this line is similar for both types of acceleration, but unnecessarily restricts the feasibility region for the small displacements solar sail acceleration law for larger displacements.
By deviating from 2D
β , either in positive or negative direction, and keeping the control law as given in Eq. (2), additional, and three dimensional, cylindrical orbits can be found. To obtain feasible orbits, not only the lower limit on cosα in Eq. (5) needs to be imposed, but also an upper limit: 0 cos 1 α ≤ ≤ . The lower limit, i.e. cos 0 α ≥ can be satisfied by defining the following maximum value for the in-plane angular velocity:
Since max ω depends on the value for z , which changes during the orbit, the minimum value for ( ) f z needs to be found to ensure that the value chosen for ω satisfies Eq. (6) throughout the orbit. The minimum value for ( ) f z occurs for the maximum value for z , max z , which results in the following final constraint on ω to satisfy cos 0 α ≥ :
Note that, for a 2D NKO, where max 0 z z = , Eq. (7) gives the thick black line in Fig. 2a and can also be used to determine the maximum allowable value for ω for a particular value for 0 z . As will be seen later, max z is unknown for orbits that lie completely above the 2D NKO and can only be determined through an integration of the equations of motion. However, in case the orbits lies entirely below the 2D NKO, max z is again equal to 0 z .
The second inequality constraint, cos 1 α ≤ can be satisfied through a constraint on β :
A similar reasoning as for the constraint on ω can be applied: since the minimum required value for β depends on the value for z , which changes during the orbit, the maximum value for ( ) g z needs to be found to ensure that the value chosen for β satisfies Eq. (8) 
Again, as will be seen later, min z is unknown for orbits that lie completely below the 2D NKO and can only be determined through an integration of the equations of motion. However, in case the orbits lies entirely above the 2D NKO, min z is given by 0 z . Note that 2D
β is always larger than min β as the latter can be written as:
An overview of the achievable orbits for a particular value of the initial out-of-plane displacement, 0 z , is provided in Fig. 3 , which shows the phase spaces for a range of values for ω (along the z -axis) and percentage deviation from 2D β , β ∆ (through the used color scheme), for the case of ρ = 1 and 0 z = 0.5. The step size in β ∆ between two phase spaces belonging to the same ω -value is 5 percent.
In Fig. 3 , black dots are used on a gray transparent surface to represent the 2D NKO from which the cylindrically constrained orbits bifurcate. As indicated below Eq. (7), a maximum allowable value for ω exists for the 2D NKO. For 0 z = 0.5, this value is max ω = 0.846 and is indicated in Fig. 3 with a red dot. However, for illustration purposes and clear interpretation of the results, an out-of-plane displacement of 0.5 will be used throughout the paper. Furthermore, the introduction of the paper already hinted at ways to achieve these high solar sail performances, e.g. through the use of perforated sail. 
C. Solar sail acceleration law
When replacing the small displacements solar sail acceleration law with the true solar sail acceleration law, the acceleration to be used in Eq. (1) 
The required control law for the pitch angle α to remain on a cylindrical surface can then be derived from the first equation in Eq. (1) and is implicitly given through:
To solve Eq. (10) for cosα , the roots of the following sixth order polynomial need to be found: 
and cos x α = Although this polynomial has six roots, it appeared that only one of those six roots is a real solution as well as a true solution to Eq. (10). Since no explicit expression exists for cosα , also no explicit expression can be found for 2D β from Eq. (1). However, from the literature it is known that 2D β is given through [13]: 
The lack in an expression for cosα furthermore implies that also the constraints on the in-plane angular velocity and allowed deviation from 2D
β cannot be derived. They can only be enforced within the integration of the equations of motion as soon as the constraint 0 cos 1 s α ≤ ≤ is violated. When doing so, the phase spaces as depicted in Fig. 8 can be obtained for ρ = 1 and 0 z = 0.5. Comparing Fig. 8 with Fig. 3 immediately shows the effect of the real solar sail acceleration law as it significantly limits the orbits that are achievable both in terms of the in-plane angular velocity and the deviation from 2D
β . This reduction in the feasibility region becomes even clearer from Fig. 9 . However, the behavior of the orbits is still the same, i.e. in terms of north-and south orbits for increasing and decreasing β with respect to 2D β , respectively, and the switch to orbits that oscillate around the ( ) 
III.

Spherically constrained NKOs
In order to obtain spherically constrained NKOs, a spherical cylindrical coordinate frame is adopted with r the projected radius, θ the in-plane angle between the x -axis and the projected radius and φ the out-of-plane
angle, see Fig. 12 . Again, assuming an acceleration in the ( ) , r φ -plane only, pitched at an angle α (which for the spherical orbits is defined with respect to the radius rather than with respect to the projected radius), the equations of motion for a central gravitational force field are given by: 
Note that, contrary to the cylindrical case, the in-plane angular velocity, θ , is not constant and can therefore not be replaced by the notation ω as done for the cylindrical case. Furthermore, the parameter ω will now denote the angular velocity of a Keplerian orbit with radius r :
Finally, since for the spherical case the pitch angle α is identical to the cone angle, only a true solar sail acceleration law will be considered as this will immediately allow for some analytical investigations: 
Since in this case the definition for the acceleration is the same as used in Ref. [2] , the contours of equal 2D β are exactly the same as those in Ref. [2] and as in the right figure of Fig. 2 .
In order for the control law to be feasible, the constraint 0 cos 
As for the cylindrically constrained orbits, spherically constrained orbits can be found by deviating from As for the cylindrically constrained orbits, a periodicity analysis has been performed for the spherically constrained orbits. The results are shown in Fig. 15 with some characteristic orbits provided in Fig. 16 . The orbits in Fig. 16a show, in clockwise direction and starting from the top left figure, a north orbit that covers a narrow band on the spherical surface; a north orbit that covers a much wider band and closely passes to the spherical poles; a south orbit; and a south orbit that oscillates around the ( ) , x y -plane. When considering applications for these types of orbits, one can imagine that the second orbit would be very suitable for solar polar observation, especially if the out-of-plane displacement is increased further such that the solar sail spends even more time directly above the solar poles, while the fourth orbit, which covers a significant part of the spherical surface would be suitable for three-dimensional imaging of the Sun. 
IV. Conclusions
In this paper, new families of non-Keplerian solar sail orbits have been introduced where the sail motion is restricted to a cylindrical or spherical surface. The feasibility region in terms of acceleration magnitude and inplane angular velocity has been established and true periodic orbits have been found. The range of possible orbits include both those that cover only a narrow band of the cylindrical or spherical surface and those that cover a significant portion of that surface. With applications in planetary observation, interplanetary communication, astronomical observations and solar physics, the potential of these novel orbits is clear. For example, the latter can significantly benefit from the spherically constrained orbits as they enable orbits high above the solar poles for solar polar observations as well as orbits that cover a significant part of the spherical surface for obtaining a full three dimensional picture of the features and structures of the Sun.
Finally, the results indicate that a reduction in the required propulsion system performance can be achieved through the use of these 3D rather than 2D NKOs, at the cost of only a minor deviation from the original 2D
NKO, increasing the potential of these cylindrically and spherically constrained orbits even further.
